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Abstract
We report progress on the LU-LC conjecture—an open problem in the
context of entanglement in stabilizer states (or graph states). This conjecture
states that every two stabilizer states which are related by a local unitary oper-
ation, must also be related by a local operation within the Clifford group. The
contribution of this paper is a reduction of the LU-LC conjecture to a simpler
problem—which, however, remains to date unsolved. As our main result, we
show that, if the LU-LC conjecture could be proved for the restricted case of
diagonal local unitary operations, then the conjecture is correct in its totality.
Furthermore, the reduced version of the problem, involving such diagonal
local operations, is mapped to questions regarding quadratic forms over the
finite field GF(2). Finally, we prove that correctness of the LU-LC conjec-
ture for stabilizer states implies a similar result for the more general case of
stabilizer codes.
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1 Introduction
Stabilizer states—or, equivalently, graph states—are special instances of multi-
party quantum states that are of interest in a number of domains in quantum infor-
mation theory and quantum computation. Stabilizer states are defined in terms of
the stabilizer formalism, which is a group-theoretic framework originally designed
in the 1990s to construct broad classes of quantum error-correcting codes—the
stabilizer codes [1]. In addition to their role in quantum error-correction, in recent
years stabilizer states have been considered in a number of interesting applications,
where the measurement–based model of quantum computation known as the one–
way quantum computer is certainly among the most prominent [2, 3]. We refer to
Ref. [4] for a recent overview article about stabilizer states and their applications.
It is well known that many stabilizer states exhibit a high degree of genuine
multi-party entanglement [4], and that this entanglement is a key ingredient re-
sponsible for the successful use of these states in various applications. Therefore, a
detailed study of the entanglement properties of stabilizer states is of natural inter-
est. Recently, a number of authors have studied this topic with considerable success
(for an incomplete list, see Refs. [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]),
and also the present paper is situated in this context.
The study of the nonlocal properties of stabilizer states naturally leads to an
investigation of the action of local unitary (LU) operations on stabilizer states, and
a classification of stabilizer states under LU equivalence. In this context, an im-
portant role is played by a subclass of LU operations known as local Clifford (LC)
operations, which are defined to be those LU operations mapping the Pauli group to
itself under conjugation. Due to the close connection between the Pauli group, the
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stabilizer formalism and the (local) Clifford group, the action of LC operations on
stabilizer states can be described efficiently and in a transparent manner, allowing
for a thorough understanding of the entanglement in stabilizer states with respect
to this restricted LC symmetry. For example, the action of LC operations on graph
states can entirely be understood in terms of a single elementary graph transforma-
tion rule [8]. Moreover, a systematic classification of LC equivalence of stabilizer
states is possible and has been executed up to n = 12 qubits [5, 13]. Finally, an
efficient algorithm (i.e., with polynomial time complexity in the number of qubits)
to decide whether two given stabilizer states are LC equivalent, is known [9].
In the study of LU equivalence of stabilizer states, it is natural to ask whether
the restriction to LC equivalence is in fact a restriction at all. This is the content
of the “LU-LC conjecture”, which states that “Every two LU equivalent stabilizer
states must also be LC equivalent”. The conjecture, which will be the central topic
of this paper, has been listed as the 28th open problem in quantum information the-
ory [19]. The main implication of a proof of the LU-LC conjecture would be that
questions regarding entanglement of stabilizer states can entirely be treated within
the closed framework of stabilizer formalism plus local Clifford group. In particu-
lar, the aforementioned insights into the restricted regime of LC equivalence would
then count as insights regarding the “true” local unitary symmetry. Even more so,
in previous work it was shown that the notions of LU equivalence and equivalence
under stochastic local operations and classical communication (in short: SLOCC
equivalence) coincide for all stabilizer states [20]. Therefore, correctness of the
LU-LC conjecture would imply that both of these symmetries would be reduced to
the tractable case of LC equivalence.
The LU-LC conjecture has been studied considerably in recent years. The most
recent progress involved proofs that LU and LC equivalence indeed coincide for
large subclasses of stabilizer states [12, 16], but a complete proof of the conjecture
remained—and remains—out of reach. In this work, we report further significant
advances. Because the argument will be technical, at this point we give a brief
outline of the results.
The pivotal conjecture is the following:
Conjecture 1. (LU-LC conjecture) Every two LU equivalent stabilizer states are
also LC equivalent.
It is the aim of this work to reduce the LU-LC conjecture to a simpler problem1.
This reduction will take place in a number of steps. First, a central finding in the
present paper will be that only a very restricted class of LU operations has the
1Note that this approach is different from the one adopted in e.g. Refs. [12, 16], where one aims
at constructing as-large-as-possible subclasses of stabilizer stats for which the conjecture holds.
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capability of mapping a stabilizer state to another stabilizer state. The following
theorem was first proved in one of the authors’ diploma thesis [11]. In this paper,
we present a more direct argument. [After this work had been completed, B. Zeng
pointed out to us that the same statement had been obtained independently in Ref.
[21].]
Theorem 1. (Reduction to diagonal unitaries) Let U = U1 ⊗ · · · ⊗ Un be an
LU operation, and suppose that there exist stabilizer states |ψ〉 and |ψ′〉 such that
U |ψ〉 = |ψ′〉. Then, up to the action of Clifford operations, all Ui are diagonal
matrices.
More precisely, every one-qubit operator Ui has the form Ui = CiDiC ′i, where
Ci and C ′i are Clifford and Di is diagonal.
This result immediately implies that the LU-LC conjecture is equivalent to
the following simpler problem: “Every two stabilizer states that are related by a
diagonal LU operator, are also LC equivalent”. This provides the first reduction of
the LU-LC conjecture: only diagonal LU operations need to be considered. Note
that a diagonal unitary operator on a single qubit has the form diag(1, eiφ) and
therefore depends only on one real parameter. This is a significant reduction in
complexity w.r.t. to the case of general SU(2) operators, which depend on three
parameters. Section 3 is devoted to the proof of Theorem 1.
In Section 4, we will show that the remaining problem is related to a certain
statement about quadratic forms and linear spaces over the finite field of order two
(which will be denoted by GF(2) or, equivalently, F2). The following result will be
obtained.
Theorem 2. (Reduction to quadratic forms) Let S be a linear subspace of Fn2 , and
let Q : Fn2 → F2 be a quadratic function. Suppose that there exist complex phases
{ci}, such that
(−1)Q(x) =
n∏
i=1
cxii , for every x ∈ S. (1)
If, for every such Q and S, the phases can always be chosen from {±1,±i}, then
the LU-LC conjecture is true.
The criterion in the preceding theorem is not only sufficient for the LU-LC
conjecture, but—up to a sensible extra assumption—also necessary. Hence, es-
sentially, the pertinent question reduces to a problem concerning binary quadratic
forms—note that there is no mentioning about stabilizer states or local unitary op-
erations in the formulation (1). Remarkably, the LU-LC problem remains hard
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even in this considerably simplified guise, and a proof (or counterexample) has to
date not been found.
As a final result in this paper, in Section 5 we will prove that correctness of
the LU-LC conjecture for stabilizer states would imply a similar LU-LC theorem
regarding the more general case of stabilizer codes—recall that stabilizer states
are a specific instance of stabilizer codes (they form the class of one-dimensional
codes). The following result will be proven:
Theorem 3. (Reduction from codes to states) The LU-LC conjecture holds for all
stabilizer codes if and only if it holds for stabilizer states.
Therefore, in conjunction with theorems 1 and 2, this result implies that the
general LU-LC conjecture for stabilizer codes is reduced to the problem regarding
quadratic forms over GF(2) as posed in Eq. (1).
2 Stabilizer states and codes, and local equivalence
In this section we fix some notations, state basic definitions, and recall some pre-
liminary results which will be needed in the following. For more details, we refer
the reader to Refs. [1, 22].
2.1 Stabilizer states and codes
The 2n × 2n identity matrix is denoted by In, for every n ∈ N0. The n-qubit
Hilbert space is Hn ∼= C2n .
The Pauli group G1 on one qubit is the multiplicative subgroup of U(2) gener-
ated by the Pauli matrices
X =
[
0 1
1 0
]
, Y =
[
0 −i
i 0
]
, Z =
[
1 0
0 −1
]
. (2)
Note that the Pauli matrices X, Y and Z are Hermitian and unitary operators with
zero trace. The Pauli group Gn on n qubits is the n-fold tensor product of G1
with itself. For an arbitrary n-qubit Pauli operator g ∈ Gn, we let g1, . . . , gn ∈
{I,X, Y, Z}, written with lower indices, denote the unique one-qubit Pauli oper-
ators such that g ∝ g1 ⊗ · · · ⊗ gn. Here ∝ denotes equality up to a global phase
factor. The support of an n-qubit Pauli operator g is the set
supp(g) = {i ∈ {1, . . . , n} | gi 6= I1}. (3)
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The operator g is said to have full support if supp(g) = {1, . . . , n}. We will use
the shorthand notations
Z(t) :=
n⊗
i=1
Zti and X(t) :=
n⊗
i=1
Xti , (4)
for every t = (t1, . . . , tn) ∈ {0, 1}n.
A stabilizer S on n qubits is defined to be an Abelian subgroup of Gn that
does not contain −I . The following is a list of elementary properties of stabilizers,
which can be found in the literature [1, 22].
• Every element g of a stabilizer S has the form g = ±g1⊗· · ·⊗gn, where gi ∈
{I,X, Y, Z}. It follows that stabilizer elements are always both Hermitian
and unitary operators. In particular, one has g2 = In.
• If g ∈ S then −g /∈ S .
• The trace of a stabilizer element different from the identity is equal to zero.
• The cardinality |S| of the stabilizer S is always a power of two not greater
than 2n. If |S| = 2k then S is generated by k independent elements. The
number k is then called the rank of S .
The stabilizer code associated to an n-qubit stabilizer S is the subspace VS ⊆
Hn consisting of all simultaneous fixed points of the elements of S , i.e.,
VS := {|ψ〉 ∈ Hn | g|ψ〉 = |ψ〉 for every g ∈ S}. (5)
The dimension of VS is equal to 2n|S|−1, which is a power of two. The stabilizer
code VS is identified with the operator
ρ :=
1
2n
∑
g∈S
g, (6)
which is, up to a multiplicative constant, equal to the orthogonal projector on the
code VS . The normalization is chosen such as to yield Tr(ρ) = 1.
If S is an n-qubit stabilizer with cardinality |S| = 2n, the code VS is one-
dimensional, or, equivalently, the associated projector ρ has rank one and is there-
fore of the form
ρ = |ψ〉〈ψ| (7)
for some |ψ〉 ∈ Hn. The class of pure states |ψ〉 that are obtained in this way are
called stabilizer states. Thus, a stabilizer state on n qubits is any state |ψ〉 having
the property that g|ψ〉 = |ψ〉 for every element g in a maximal stabilizer S , i.e.,
where |S| = 2n. We refer to Ref. [4] for a recent review of stabilizer states and
their properties.
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2.2 Local equivalence
We now introduce the notions of local equivalence of stabilizer states and codes
that we will study in the following.
LU equivalence.— Two stabilizer codes2 ρ and ρ′ are called LU equivalent if
there exists a local unitary operator U ∈ U(2)⊗n such that UρU † = ρ′.
LC equivalence.— A 2 × 2 unitary operator U is called a Clifford operator3
on one qubit if UσU † ∈ G1 for every Pauli matrix σ ∈ {X,Y,Z}. The set of all
Clifford operations forms a matrix group called the Clifford group. It can be shown
that the Clifford group is generated by the the matrices
cI1,
1√
2
[
1 1
1 −1
]
and
[
1 0
0 i
]
, (8)
where c ranges over all complex phases. Note that the Pauli matrices X, Y and Z
are instances of Clifford operations. A local Clifford operator (LC operator) on n
qubits is a local unitary operator U = U1⊗ · · · ⊗Un, where every tensor factor Ui
is a Clifford operator. Two stabilizer codes are called LC equivalent if there exists
an LC operator U relating the two codes under conjugation.
Semi-Clifford operations.— An important ingredient in the following will be
a third kind of local operations, namely the local semi-Clifford operations, which
are defined next. A 2 × 2 unitary operator U is called a semi-Clifford operator
on one qubit if there exist a Pauli matrix σ ∈ {X,Y,Z} such that UσU † ∈ G1.
Thus, a semi-Clifford operator is defined to send at least one of the Pauli matrices
to another Pauli matrix under conjugation (up to a global phase factor). As an
example, the diagonal matrix
D =
[
1 0
0 c
]
, (9)
where c is an arbitrary complex phase, is a semi-Clifford operator for all c, since
DZD† = Z . However, D is only a Clifford operation if c ∈ {±1,±i}. It is clear
that every Clifford operator is also a semi-Clifford. We then define a local semi-
Clifford operator on n qubits to be a local unitary operator U = U1 ⊗ · · · ⊗ Un,
where every tensor factor Ui is a semi-Clifford operator.
2In this and the following definitions in this section, we consider stabilizer states as one-
dimensional instances of stabilizer codes, ρ = |ψ〉〈ψ|.
3 Note that the group of Clifford operators which appears in quantum information theory has
nothing to do with either Clifford algebras or the Clifford group used e.g. in the context of Fermionic
systems or the representation theory of SO(n).
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3 From LU to diagonal LU operations
In this section we show that there exist severe restrictions on the LU operators
which can realize local transformations between stabilizer codes (or states). In
particular, we will prove that any LU operator mapping a stabilizer code (or state)
to another one must be a semi-Clifford operation. We will subsequently use this
result to show that, in the study of the LU-LC conjecture, one can—without loss
of generality—restrict attention to local equivalence of stabilizer states and codes
with respect to diagonal LU operations only, i.e., LU operations of the form
U = c ·
[
1
c1
]
⊗ · · · ⊗
[
1
cn
]
, (10)
where c, c1, . . . , cn are complex phases. Hence, the complexity of the LU opera-
tions which need to be considered in the study of the LU-LC conjecture is drasti-
cally reduced.
In Section 3.1 some preliminary results are proven. In Section 3.2 we show that
any LU operator mapping a stabilizer code (or state) to another one is necessarily
a semi-Clifford operation. Finally, in Section 3.3 we show that this allows one to
restrict attention to diagonal LU operations in the study of the LU-LC conjecture.
3.1 Preliminary results
Below, the following type of stabilizer codes will play a role. Let m ∈ N0. A
[2m, 2m − 2, 2] stabilizer code is a code with stabilizer of the form
S = {I2m, g, g′, gg′}, (11)
where g, g′ and gg′ are Pauli operators having full support. Every [2m, 2m− 2, 2]
code is LU equivalent to the code ρ[2m,2m−2,2] defined by
ρ[2m,2m−2,2] :=
1
4m
(I2m +X
⊗2m + (−1)mY ⊗2m + Z⊗2m). (12)
The operator ρ[2,0,2] has rank one, and is therefore a stabilizer state. Concretely,
one has ρ[2,0,2] = |ψ+〉〈ψ+|, where |ψ+〉 = 1√
2
(|00〉 + |11〉) is the EPR state.
The following result was proven in Ref. [23] and will be an important part of our
analysis.
Proposition 1. [23] Let m ∈ N0, m ≥ 2. Let ρ and ρ′ be two [2m, 2m − 2, 2]
stabilizer codes and let U ∈ U(2)⊗n be an LU operator such that UρU † = ρ′.
Then U is an LC operator.
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For every subgroup T of S , the index of T in S is defined to be the number [S :
T ] := |S||T |−1. Note that |S| is a power of two, and therefore |T | and [S : T ] are
also powers of two. For every i = 1, . . . , n, define S〈i〉 := {g ∈ S | gi = I1}. It is
easily verified that S〈i〉 is a subgroup of S . We will need the following lemmas.
Lemma 1. Let S be a stabilizer on n qubits. Then [S : S〈i〉] ∈ {1, 2, 4}, for every
i = 1, . . . , n.
Proof: the proof uses elementary group theory. We start from the property that
S can be partitioned into cosets of the subgroup S〈i〉:
S = g(1)S〈i〉 ∪ · · · ∪ g(N)S〈i〉, (13)
for some Pauli operators g(1) = In, g(2), . . . , g(N) ∈ S , where
g(j)S〈i〉 ∩ g(k)S〈i〉 = ∅ (14)
for every j, k = 1, . . . , N with j 6= k. The number of cosets N is equal to [S :
S〈i〉]. Note that two elements g, g′ ∈ S belong to different cosets of S〈i〉 if and
only if gi 6= g′i, showing that there can be at most 4 cosets, as gi ∈ {I1,X, Y, Z}.
Since [S : S〈i〉] is a power of two, the result follows. 
Lemma 2. Let ρ be an n-qubit stabilizer code with stabilizer S , and let i ∈
{1, . . . , n}. Then the quantities |S|, |S〈i〉|, and [S ′ : S ′〈i〉] are local unitary
invariants.
Proof: we have seen in Section 2.1 that the rank of ρ is equal to 2n|S|−1.
As the rank of a density operator is an LU invariant, this shows that |S| is an
LU invariant. Second, it was proven in Ref. [12] that the quantities |S〈i〉| are
LU invariants. It then immediately follows that the quantities [S ′ : S ′〈i〉] are LU
invariants as well. 
Lemma 3. Let ρ and ρ′ be LU equivalent stabilizer codes with stabilizers S and
S ′, respectively. Let U = U1 ⊗ · · · ⊗ Un ∈ U(2)⊗n such that UρU † = ρ′. Then
Ui is semi-Clifford for every i ∈ {1, . . . , n} for which [S : S〈i〉] = 2.
Proof: Let i ∈ {1, . . . , n} such that [S : S〈i〉] = 2. Since ρ and ρ′ are locally
equivalent, we also have [S ′ : S ′〈i〉] = 2 from Lemma 2. Therefore, we can
partition S and S ′ in cosets as follows: S = S〈i〉∪gS〈i〉 and S ′ = S ′〈i〉∪g′S ′〈i〉,
where g ∈ S \ S〈i〉 and g′ ∈ S ′ \ S ′〈i〉. Defining ρ〈i〉 = 12n
∑
h∈S〈i〉 h and ρ′〈i〉
similarly, it follows from the definitions of ρ and ρ′ that
ρ = (In + g)ρ〈i〉 and ρ′ = (In + g′)ρ′〈i〉. (15)
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Note that
ρ〈i〉 = Tri(ρ)⊗ I1
2
and ρ′〈i〉 = Tri(ρ′)⊗ I1
2
. (16)
This property essentially follows from the fact that, in taking the partial trace over
the ith qubit, the only Pauli operators in the expansion (6) which survive the partial
trace are those having an ith tensor factor equal to the identity.
Using the identity UρU † = ρ′ and (16), we have Uρ〈i〉U † = ρ′〈i〉. It then
follows from (15) that (UgU †) ρ′〈i〉 = g′ρ′〈i〉. The r.h.s. of this equation is a sum
of Pauli operators all having the same ith tensor factor, namely g′i. Therefore, the
l.h.s. must also have this property, and this can only occur if UigiU †i ∝ g′i. Since
gi 6= I1 6= g′i, this shows that Ui is semi-Clifford. 
Lemma 4. Let S be a stabilizer on n qubits and let Π be the smallest subgroup of
S containing all subgroups S〈i〉, i.e.,
Π =
{
g(1)g(2) . . . g(n)| g(i) ∈ S〈i〉, i = 1, . . . , n
}
. (17)
Then one of the following three cases occurs:
(i) Π = S;
(ii) [S : Π] = 2;
(iii) [S : Π] = 4; in this case, the associated code must be a [2m, 2m − 2, 2]
code.
Proof: Since Π is a subgroup of S , [S : Π] is a power of two. Furthermore,
each S〈i〉 is a subgroup of Π and therefore [S : Π] ≤ [S : S〈i〉] ≤ 4, for every
i = 1, . . . , n. This shows that [S : Π] ∈ {1, 2, 4}. We investigate these possibilities
case by case. First, if [S : Π] = 1 then Π = S trivially, which proves (i).
We now prove (iii). If [S : Π] = 4 then S can be partitioned in cosets as
follows:
S = Π ∪ g(1)Π ∪ g(2)Π ∪ g(3)Π, (18)
for suitable g(j) ∈ S \Π. The g(j) must have full support and must pairwise differ
on every qubit. For, suppose there is a qubit i such that, say, g(1)i = g
(2)
i . Then
g(1)g(2) ∈ Π, implying that g(1)Π = g(2)Π, which contradicts the definition of the
g(j). A similar argument can be given for arbitrary pairs g(j) and g(k). This shows
that the g(j)s must pairwise differ on every qubit.
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Next, let f be an arbitrary element of Π. We prove that f must be equal to the
identity by contradiction: suppose there is a qubit i such that fi 6= I1, then there
exists a j ∈ {1, 2, 3} such that fi = g(j)i . But this implies that
g(j) = f︸︷︷︸
∈Π
(fg(j))︸ ︷︷ ︸
∈Π
∈ Π (19)
which is a contradiction. Hence f = In, so Π = {In} and |S| = 4. But then
S = {g(1), g(2), g(3), In}, proving the claim. 
3.2 Semi-Clifford operations
We are now in a position to prove the main results of this section. Defining the
support4 of a stabilizer S to be the set supp(S) := ⋃g∈S supp(g),we can precisely
formulate the main result of this section.
Theorem 4. Let ρ and ρ′ be LU equivalent stabilizer codes with stabilizers S and
S ′ on n ≥ 2 qubits, and suppose that ρ cannot be written as a product of the form
|ψ〉〈ψ| ⊗ ρ′′, (20)
where |ψ〉 is a 2–qubit stabilizer state LU equivalent to the EPR state and ρ′′ is
a stabilizer code on n − 2 qubits. Let U = U1 ⊗ · · · ⊗ Un ∈ U(2)⊗n such that
UρU † = ρ′. Then Ui is semi-Clifford for every i ∈ supp(S).
Proof: We prove the result by induction on n. If n = 2, up to local equivalence
plus permutations of the 2 qubits the following stabilizer codes ρ fulfilling the
requirement of the theorem exist:
4ρ =


I2
I2 + Z ⊗ Z
I2 + I1 ⊗ Z
I2 + I1 ⊗ Z + Z ⊗ I1 + Z ⊗ Z
. (21)
It is straightforward to verify that the claim holds for these codes.
In the induction step of the proof, fix n ≥ 3 and suppose the result has been
verified for all n′ < n. Let ρ and ρ′ be locally equivalent stabilizer codes on n ≥ 3
4This definition is introduced for technical reasons. If the support of a stabilizer on n qubits is
strictly contained within the set {1, . . . , n}, then the associated code can be written as the product
of a code on fewer qubits and the identity matrix. Therefore, for any reasonable application it makes
no sense to consider stabilizers not having full support. This definition is however introduced here to
facilitate the induction argument made in the proof of Theorem 4.
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qubits satisfying the requirement of the theorem, and let U = U1 ⊗ · · · ⊗ Un ∈
U(2)⊗n such that UρU † = ρ′. It follows that
U [i] Tri(ρ)U [i]† = Tri(ρ′) (22)
for every i = 1, . . . , n, where we have defined
U [i] := U1 ⊗ · · · ⊗ Ui−1 ⊗ Ui+1 ⊗ · · · ⊗ Un. (23)
Note that Tri(ρ) and Tri(ρ′) are stabilizer codes on n− 1 qubits, and that Tri(ρ)
cannot be written as a product in the form of (20). We can therefore apply the
induction hypotheses to every pair Tri(ρ) and Tri(ρ′), where i = 1, . . . , n. This
proves that Uj is semi-Clifford for every j in the set
n⋃
i=1
supp S〈i〉. (24)
Now, if the set (24) is equal to supp(S) then we are done. If this is not the case,
then there exist j ∈ supp(S) such that j /∈ supp(S〈i〉) for every i = 1, . . . , n, and
hence j /∈ supp(Π), where Π is defined as in Lemma 4. This last property implies
that Π 6= S , and therefore case (ii) or case (iii) in Lemma 4 must apply.
If case (ii) holds, the stabilizer S can be written as a partition
S = Π ∪ gΠ, (25)
where g ∈ S\Π, and therefore g has full support. Expression (25) together with the
property that j /∈ supp (Π) implies that hj ∈ {I1, gj} for every h ∈ S , and thus
[S : S〈j〉] = 2. Lemma 3 then shows that Uj must be a semi-Clifford operation.
In the event of case (iii), ρ and ρ′ must be [2m, 2m − 2, 2] codes with m 6= 1,
and proposition 1 then implies that U is a local Clifford operation, which is a
fortiori local semi-Clifford. This proves the result. 
As an immediate corollary of this result, we find:
Corollary 1. Let |ψ〉 and |ψ′〉 be fully entangled, LU equivalent stabilizer states
on n ≥ 3 qubits, and let U ∈ U(2)⊗n be an LU operator such that U |ψ〉 = |ψ′〉.
Then U is a local semi-Clifford operator.
Proof: letting S be the stabilizer of |ψ〉, it is clear that S has full support.
Moreover, |ψ〉 is a fully entangled state on n ≥ 3 qubits and therefore satisfies the
requirements of Theorem 4. The result follows immediately. 
From this point on, we will only consider fully entangled stabilizer states on
n ≥ 3 qubits. Note that the restriction to fully entangled states does not entail a
loss of generality.
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3.3 Diagonal LU operations
Let |ψ〉 and |ψ′〉 be stabilizer states on n qubits and let U = U1 ⊗ · · · ⊗ Un be an
LU operator such that U |ψ〉 = |ψ′〉. According to corollary 1, U must be a local
semi-Clifford operation. By definition, this means that there exist n Pauli matrices
σi ∈ {X,Y,Z} such that UiσiU †i ∈ G1 for every i = 1, . . . , n. It is then easy to
verify that there exist LC operators V = V1 ⊗ · · · ⊗ Vn and V ′ = V ′1 ⊗ · · · ⊗ V ′n
such that (
V ′i UiV
†
i
)
Z
(
V ′i UiV
†
i
)†
= Z (26)
for every i = 1, . . . , n. Defining
Di := V
′
i UiV
†
i (i = 1, . . . , n),
D := D1 ⊗ · · · ⊗Dn,
|φ〉 := V |ψ〉
|φ′〉 := V ′|ψ〉, (27)
it follows that D|φ〉 = |φ′〉. Note that (26) is equivalent to [Di, Z] = 0 and
therefore every Di is a diagonal unitary matrix. The operator D will be called a
DLU operator (on n qubits), short for diagonal local unitary. We thus have:
Corollary 2. Assume U = U1⊗· · ·⊗Un maps a stabilizer state to a stabilizer state.
Then, up to the action of local Clifford operations, all Ui are diagonal matrices.
Corollary 3. (Reduction to diagonal unitaries) The LU-LC conjecture holds if
and only if any two stabilizer states that can be mapped onto each other by means
of a diagonal local unitary, are LC equivalent.
4 From diagonal LU operations to quadratic forms over
GF(2)
Letting |ψ〉 be an arbitrary stabilizer state, we consider the expansion
|ψ〉 =
∑
x∈Fn2
〈x|ψ〉 · |x〉 (28)
in the computational basis. We have used the standard shorthand notation |x〉 =⊗n
i=1 |xi〉, for every x ∈ Fn2 . In this section we will consider the connection
between the components 〈x|ψ〉 of a stabilizer state and quadratic forms over F2.
First we introduce some definitions.
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Let m ∈ N0. A function q : Fm2 → F2 is called a quadratic form if there exist
coefficients θij ∈ F2 (i, j = 1, . . . ,m, i < j) and a vector λ ∈ Fm2 such that
q(x) =
∑
i<j
θijxixj + λ
Tx (29)
for every x = (x1, . . . , xm) ∈ Fm2 . The first term in the r.h.s. of (29) is called
the quadratic part of the representation of q and the second term is called its linear
part.
We also need some definitions regarding affine spaces over F2. Let S be a
k-dimensional subspace of Fn2 . Letting t be a vector in Fn2 , the affine space with
directional vector space S and base point t is the set
S + t := {y + t | y ∈ S}. (30)
We can now state the connection between quadratic forms and stabilizer states by
recalling the following result of Ref. [24].
Theorem 5. [24] Let |ψ〉 be a stabilizer state on n qubits. Then there exist
(i) a linear subspace S of Fn2 ,
(ii) a quadratic form q : Fn2 → F2, and
(iii) vectors d, t ∈ Fn2 ,
such that
2k/2 · 〈x|ψ〉 =
{
id
T y(−1)q(y) for every x = y + t with y ∈ S
0 otherwise, (31)
where the algebra in the exponent of the complex number i is to be performed over
F2 (i.e., modulo 2). Conversely, every state |ψ〉 with components 〈x|ψ〉 satisfying
the above conditions, is a stabilizer state.
Qualitatively, this result states that, first, the nonzero components 〈x|ψ〉 can
only be equal to±1 or ±i (up to an overall normalization); second, the distribution
of the ±1’s and ±i’s is governed by quadratic and linear forms, respectively; third,
the nonzero components 〈x|ψ〉 are organized in such a way that the corresponding
vectors x lie in an affine subspace S + t of Fn2 .
The following lemma shows that only S and q are essential to the problem at
hand. Anticipating this result, we say that a stabilizer state is in standard form if
the parameters d and t vanish.
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Lemma 5. (Reduction to t = d = 0) The LU-LC conjecture is true for general
stabilizer states if and only if any two DLU-equivalent stabilizer states in standard
form are also LC equivalent.
Proof: The “only if” part is trivial. To prove the “if” direction, assume that
any two DLU-equivalent stabilizer states in standard form are also LC equivalent.
Let |ψ〉, |ψ′〉 be general stabilizer states and letD be a local unitary s.t.D|ψ〉 =
|ψ′〉. By Corollary 3, we can assume that D is diagonal. Let t, d, S and t′, d′, S′ be
the parameters associated to |ψ〉 and |ψ′〉 respectively. Note that S = S′ and t = t′
as D is diagonal. In particular, one has
|ψ〉 = 1|S|1/2
∑
y∈S
id
T y(−1)q(y)|y + t〉. (32)
Set X(t) = Xt1 ⊗ · · · ⊗Xtn and likewise T †(d) = (T †)d1 ⊗ · · · ⊗ (T †)dn , where
T = diag(1, i) is the phase gate. One then finds that
|ψ〉SF := T †(d)X(t) |ψ〉 = 1|S|1/2
∑
y∈S
(−1)q˜(y)|y〉, (33)
where we have used the notation
q˜(y) = q(y) +
∑
k<j
dkykdjyj. (34)
In order to prove (33), one uses that iaib = ia+b(−1)ab for every a, b ∈ F2, where
the exponent of i is computed over F2. One therefore has
id
T y =


n∏
j=1
idjyj

 (−1)Pk<j dkykdjyj . (35)
Note that |ψ〉SF is in standard form. The same is true for |ψ′〉SF := T †(d′)X(t)|ψ′〉.
As a consequence, the local unitary operator
DSF = X(t)T (d
′)DT (d)X(t) (36)
maps |ψ〉SF to |ψ′〉SF. Because X sends diagonal operators to diagonal operators
under conjugation, the standard form states are even DLU equivalent. Invoking the
initial assumption, we conclude that DSF can be substituted by an LC operation.
As X and T are Clifford operations, this implies that D can be replaced by an LC
operation. 
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Now assume that |ψ〉 is a stabilizer state. Let
D =
[
1
c1
]
⊗ · · · ⊗
[
1
cn
]
(37)
be a DLU operation defined by the complex phases ci. The operator D is Clifford
if and only if all ci ∈ {±1,±i}. Suppose that |ψ′〉 := D|ψ〉 is again a stabilizer
state. In accordance with Lemma 5, we take |ψ〉, |ψ′〉 of the form
|ψ〉 = 1|S|1/2
∑
x∈S
(−1)q(x)|x〉,
|ψ′〉 = 1|S|1/2
∑
x∈S
(−1)q′(x)|x〉.
Evaluating the equation 〈x|D|ψ〉 = 〈x|ψ′〉, we find for all x ∈ S∏
i
cxii = (−1)q(x)+q
′(x) = (−1)Q(x), (38)
where we have set Q(x) = q(x) + q′(x). Note that Q(x) is again a quadratic form
and, conversely, every quadratic form can occur this way.
Equation (38) has an interesting structure. The l.h.s. of this equation has the
structure of an exponentiated complex linear form; writing cj := eiθj , one has
x→ ei(θ1x1+···+θnxn). (39)
On the other hand, the r.h.s. of (38) is an exponentiated quadratic form over GF(2):
x→ (−1)Q(x). (40)
Can one use complex linear mappings to emulate the behavior of a quadratic form?
If the vector space S is too large, this is clearly impossible. Assume, e.g., that ei,
the ith canonical basis vector of Fn2 , is an element of S. Then the r.h.s. of (38)
evaluated on ei gives ci, which can be of the form (−1)Q(ei) only if ci ∈ {±1}.
Perhaps surprisingly, it turns out that for some vector spaces S, one can represent
non-trivial quadratic forms using complex phases ci. Here is one example:
S =

s0 =

 00
0

 , s1 =

 11
0

 , s2 =

 01
1

 , s3 =

 10
1



 ⊂ F32,
and
c1 = c2 = i, c3 = −i.
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Then f : x 7→∏i cxii gives
f(s0) = 1, f(s1) = −1, f(s2) = 1, f(s3) = 1.
One can easily check that f represents a quadratic form on S. Also, it is impossible
to realize f by means of phases ci ∈ {±1} (that is because any set of real phases
would give rise to an even number of −1’s, whereas f is negative only once).
Hence sometimes it does pay off to leave the set of real phases in (38), even if
one aims to represent a form which takes on values only in {±1}. The preceding
example is no threat to the LU-LC conjecture, as we only had to go to fourth roots
of unity and ci ∈ {±1,±i} still induce Clifford operations, as in this case the
matrix
⊗
i
[
1 0
0 ci
]
(41)
is still a local Clifford operation. The LU-LC conjecture amounts to claiming that it
is never necessary to go to more general phases when representing quadratic forms
over GF(2) by way of (38).
Theorem 6. (Reduction to quadratic forms) Let S be a linear subspace of Fn2 , and
let Q : Fn2 → F2 be a quadratic function. Suppose that there exist complex phases
c1, . . . , cn, (i.e. ci is a complex number of modulus one) such that
(−1)Q(x) =
n∏
i=1
cxii , for every x ∈ S. (42)
If, for every such Q and S, the phases ci can always be chosen from {±1,±i},
then the LU-LC conjecture is true.
Conversely, assume the LU-LC conjecture holds. Additionally, assume that
if two stabilizer states can be mapped onto each other by means of a diagonal
local unitary, then also by a diagonal local Clifford operation. Then the phases ci
introduced above can always be chosen from the set {±1,±i}.
Proof. Immediate from the preceding discussion.
5 From stabilizer codes to stabilizer states
In this section, we prove that the LU-LC conjectures for stabilizer codes and sta-
bilizer states are equivalent. Section 5.1 introduces some additional preliminary
results regarding stabilizer codes. The proof is given in Section 5.2. The intuition
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behind the argument is to assign to a code ρ on n qubits a purification σ = |Ψ〉〈Ψ|;
more concretely, we will extend the qubits {1, . . . , n} =: A by auxiliary systems
{n + 1, . . . , n + l} =: B and define a stabilizer state |Ψ〉 on the extended space
(i.e., on n+ l qubits) in such a way that TrB |Ψ〉〈Ψ| = ρ. For suitable choices of the
purifications for the LU equivalent codes ρ and ρ′, we find that the LU equivalence
of these codes implies the LU equivalence of their purifications. We then invoke
the assumption that the LU-LC conjecture for stabilizer states is correct, implying
that the purifications are actually LC equivalent. Finally, it is an easy step to prove
that the LC equivalence of the purifications implies LC equivalence of the codes ρ
and ρ′.
5.1 Preliminaries
An important feature of stabilizer states and codes is that they allow for an efficient
description in terms of subspaces of the binary vector space F2n2 , as will be made
explicit next. We refer to Refs. [1, 22, 11] for more details.
First, the connection between binary vector spaces and Pauli operators is pro-
vided by the map W : F2n2 → Gn defined by
W(z, x) =
n⊗
i=1
izixiZziXxi , (43)
where z = (z1, . . . , zn), x = (x1, . . . , xn) ∈ Fn2 . For a vector v = (z, x) ∈
F2n2 , we set W(v) := W(z, x). Invoking (4), we have that W(t, 0) = Z(t) and
W(0, t) = X(t), for every t ∈ Fn2 .
It can be checked by direct computation that two Pauli operators W(z, x) and
W(z′, x′) commute if and only if
[
(
z
x
)
,
(
z′
x′
)
] := zTx′ + xT z′ = 0. (44)
The square bracket will be referred to as the symplectic inner product of the binary
vectors (z, x) and (z′, x′).
We now consider a k-dimensional linear subspace M of F2n2 , where a basis
{m(1), . . . ,m(k)} has been chosen. We further assume that M is an isotropic sub-
space, i.e., the symplectic inner product between any two vectors in M vanishes.
Lastly, we choose a vector v = (v1, . . . , vk) ∈ Fk2 and consider the set
{(−1)v1W(m(1)), . . . , (−1)vkW(m(k))}. (45)
One can then verify that the multiplicative group S generated by the elements in
the set (45) is a stabilizer of rank k. Conversely, it is well known that any stabilizer
can be obtained by means of the above construction (see e.g. [22]).
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The basis vectors {m(i)} of the k-dimensional isotropic subspace M ⊆ F2n2
are usually arranged as the columns of a 2n× k matrix R over F2, which is said to
be a generator matrix associated with the space M .
Next we state two lemmas that will be used below. To do this, we need some
additional notations: let R be a generator matrix of a k−dimensional isotropic
subspace M ⊆ F2n2 . Given a set of vectors v1, . . . , vl in F2n2 , we denote by
[R, v1, . . . , vl] the 2n × (k + l) matrix obtained by appending the vectors vi as
further columns to R (this notation involving square brackets is not to be confused
with the notation for the symplectic inner product).
Qualitatively, the next lemma shows that one can complete any stabilizer group
S to a maximal one of order 2n by adding suitable “Z-type” operators.
Lemma 6. Let ρ be a stabilizer code on n qubits. Let S be its stabilizer, let R be
an associated generator matrix, and let k be the rank of S . Then there exist vectors
z(1), . . . , z(n−k) ∈ Fn2 such that[
R,
(
z(1)
0
)
, . . . ,
(
z(n−k)
0
)]
(46)
is a generator matrix of a stabilizer state on n qubits.
Proof: Let R be a 2n × k generator matrix of M . We can always choose R
such that its lower n × k submatrix consists of k′ linearly independent columns
followed by k − k′ columns containing only zeros, for some k′ ≤ k. So
R =
[
P1 P2
Q1 0
]
(47)
where P1 and Q1 are n×k′ matrices and P2 has dimensions n× (k−k′); also, Q1
and P2 have full rank. Consider the orthogonal complement of the column space
of Q1, denoted in a shorthand notation by 〈Q1〉⊥. This space has dimension n− k′
and contains the column space of P2 as a k−k′ dimensional subspace; this follows
from the property that M is isotropic. Hence, there exists an n × (n − k) matrix
P3 such that [P2 P3] is an n× (n− k′) generator matrix of 〈Q1〉⊥. It then follows
that [
P1 P2 P3
Q1 0 0
]
(48)
is a 2n × n generator matrix of an n-dimensional isotropic space. This proves the
result. 
The following lemma is taken from the standard reference [22].
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Lemma 7. [22] Let S be a stabilizer on n qubits generated by k independent
elements g1, . . . , gk . Let i be any fixed number in the range 1, . . . , k. Then there
exists g ∈ Gn such that ggi = −gig and ggj = gjg for every j = 1, . . . , k, j 6= i.
5.2 Reduction to stabilizer states
We proceed to the proof of Theorem 3. As stabilizer states are contained in the set
of stabilizer codes, the non-trivial part of the theorem is: if the LU-LC conjecture
is true for states, then also for codes. So for the rest of this section, we assume
validity of the LU-LC conjecture for states.
First we look for a suitable purification of ρ. Let ρ be a rank k stabilizer code
on n qubits with stabilizer S , let {z(1), . . . , z(n−k)} be as in Lemma 6, and set
l := n − k. For every y ∈ Fl2, let Sy be the stabilizer generated by the set of
operators {
S, (−1)y1Z(z(1)), . . . , (−1)ylZ(z(l))
}
(49)
and let |ψy〉 be the stabilizer state on n qubits with stabilizer Sy. The (n+ l)-qubit
state
|Ψ〉 :=
∑
y∈Fl2
|ψy〉 ⊗ |y〉 (50)
will be our candidate for a purification of the state ρ. Therefore, we need to prove
that
(i) |Ψ〉 is a stabilizer state, and
(ii) the partial trace of |Ψ〉〈Ψ| over the qubits in {n + 1, . . . , n + l} is equal to
the state ρ.
These statements are proven next.
To prove (i), we will construct a maximal stabilizer on n+ l qubits having the
state |Ψ〉 as a fixed point. First, let {g(1), . . . , g(k)} be a generating set of S . It can
then easily be verified that
g(i) ⊗ Il|Ψ〉 = |Ψ〉 (51)
for every i = 1, . . . , k. Second, for every j = 1, . . . , l, the calculation
Z(z(j), e(j))|Ψ〉 =
∑
y
Z(z(j))|ψy〉 ⊗ Z(e(j))|y〉
=
∑
y
(−1)yj |ψy〉 ⊗ (−1)yj |y〉
= |Ψ〉 (52)
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shows that the operators Z(z(j), e(j)) also fix the state |Ψ〉. Here, e(j) is the jth
canonical basis vector of Fl2. Finally, it follows from Lemma 7 that there exist l
Pauli operators h(1), . . . , h(l) ∈ Gn such that
h(j)|ψy〉 = |ψy+e(j)〉, (53)
for every j = 1, . . . , l and y ∈ Fl2. We then have
h(j) ⊗X(e(j))|Ψ〉 =
∑
y
h(j)|ψy〉 ⊗X(e(j))|y〉
=
∑
y
|ψy+e(j)〉 ⊗ |y + e(j)〉 = |Ψ〉. (54)
Thus, all n+ l operators in the set{
g(i) ⊗ Il, Z(z(j), e(j)), h(j) ⊗X(e(j))
}
i,j
, (55)
where i = 1, . . . , k and j = 1, . . . , l, stabilize the state |Ψ〉. Moreover, these
operators generate a rank n + l stabilizer, showing that |Ψ〉 is indeed a stabilizer
state.
We now prove (ii). The kets |ψy〉 form a basis within the range of ρ. To see this,
recall that any two stabilizer states whose stabilizer operators differ only by global
phases are orthogonal. Thus, {|ψy〉} is a set of 2n−k mutually orthogonal states,
all of which stabilized by any g ∈ S . Further, all these states are eigenvectors of
ρ with eigenvalue |S| = 2k−n. But the rank of ρ is equal to 2n−k as well, and
therefore
ρ = 2k−n
∑
y
|ψy〉〈ψy|. (56)
We are now in a position to prove the main result of this section. Let ρ, U , S ,
|Ψ〉 and {|ψy〉} be as above. By the same reasoning as the one employed in Section
3, there is no loss of generality in assuming that U is diagonal. Set ρ′ = UρU † and
let S be the stabilizer of ρ′.
First we claim that |ψ′y〉 := U |ψy〉 is a stabilizer state, for each y ∈ Fl2. Indeed,
it follows from ρ|ψy〉 = |ψy〉 and the definition of ρ′ that |ψ′y〉 is an eigenvector of
ρ′ with eigenvalue 1, and hence of each g′ ∈ S ′. Further, by construction, we have
Z(z(j))|ψy〉 = (−1)yj |ψy〉 (57)
and hence
UZ(z(j))U †|ψ′y〉 = (−1)yj |ψ′y〉, (58)
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for every j = 1, . . . , l. As U is diagonal, it commutes with Z(z(j)), which finally
implies that |ψ′y〉 is an eigenvector of Z(z(j)) with the eigenvalue (−1)yi . Define
S ′y by substituting S by S ′ in (49). The group S ′y can be checked to be a stabilizer
of rank n with |ψ′y〉 as a common eigenvector. This shows that |ψ′y〉 is a stabilizer
state with stabilizer Sy, for every y ∈ Fl2.
It now follows from an analogous argument as made in the beginning of this
section that the state
|Ψ′〉 :=
∑
y
|ψ′y〉 ⊗ |y〉 (59)
is a stabilizer state on n + l qubits such that ρ′ is equal to the partial trace of this
state over the qubits in the set {n + 1, . . . , n + l}. Furthermore, by definition of
the states |ψ′y〉 one has
(U ⊗ Il)|Ψ〉 = |Ψ′〉, (60)
i.e., the states |Ψ′〉 and |Ψ〉 are LU equivalent. Assuming validity of the LU-LC
conjecture, there exists a LC operator on n + l qubits relating these two states.
Taking the partial trace over the qubits in the set {n+1, . . . , n+ l} then shows that
ρ and ρ′ are LC equivalent. This proves Theorem 3.
6 Outlook
Unfortunately, even the strong reductions presented in this paper did not suffice
to resolve the LU-LC conjecture. There are, however, further routes which may
merit exploration. For example, we have indications for the fact that the phases ci
appearing in Theorem 2 may always be taken to be roots of unities (i.e. of the form
eipiφ, for φ ∈ Q). This can be shown to imply that each ci is a power of e2pii/2l
for some l and the LU-LC problem would reduce to a statement concerning the
solutions of certain systems of linear equations in modules over the ring Z2l . We
did not make these arguments explicit, as even employing this additional structure,
a general solution remains elusive.
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